We investigate the formation of a new type of composite topological excitation -the skyrmionvortex pair (SVP) -in hybrid systems consisting of coupled ferromagnetic and superconducting layers. Spin-orbit interaction in the superconductor mediates a magnetoelectric coupling between the vortex and the skyrmion, with a sign (attractive or repulsive) that depends on the topological indices of the constituents. We determine the conditions under which a bound SVP is formed, and characterize the range and depth of the effective binding potential through analytical estimates and numerical simulations. Furthermore, we develop a semiclassical description of the coupled skyrmion-vortex dynamics and discuss how SVPs can be controlled by applied spin currents.
Often, the range of phenomena exhibited by a hybrid system is much richer than that of its parts [6] . For example, it was recently demonstrated that hybrid systems comprised of superconductors and semiconductors yield exquisite new levels of fully-electrical control over Josephson-based quantum devices [7] . It has also been proposed that the exchange field of a magnetic layer proximity-coupled to a 3D topological insulator surface may open the possibility to realize a new quantum phase of matter with an intriguing quantized magnetoelectric response [8] . Moreover, the possibilities afforded by the trifold combination of magnetic, superconducting, and semiconducting systems is at the heart of the intense wave of recent activity aimed at realizing topological superconductivity and associated Majorana bound states [9] [10] [11] [12] [13] [14] [15] [16] -a key step in the development of topological quantum information processing [17] .
In this work, we investigate a novel type of composite topological excitation in hybrid systems. Specifically, we investigate the coupling between magnetic skyrmions and superconducting vortices in a two-dimensional (2D) layered ferromagnet-superconductor heterostructure (see Fig. 1 ). The combination of spin-orbit coupling (SOC) in the superconductor and the lack of inversion symmetry of the heterostructure leads to a magnetoelectric coupling that mediates an interaction between textures of the magnetic and superconducting order parameters. In isolation, both the superconductor and the 2D ferromagnet may host a variety of robust topological excitationsvortices and anti-vortices for the superconductor [18] and The exchange field of a ferromagnetic thin film is induced into a thin film superconductor by proximity coupling. The spatially varying exchange field of a skyrmion (radially oriented arrows in the ferromagnet), generates a supercurrent in the superconductor (circulating arrows) due to the magnetoelectric effect. The interaction of magnetoelectric and vortex-induced currents leads to the binding of skyrmion-vortex pairs (SVPs).
skyrmions of variable helicity and chirality for the ferromagnet [19] . When these systems are brought together in a heterostructure, we find that certain combinations of these entities bind to form a new type of composite topological excitation, which we refer to as the skyrmionvortex pair (SVP).
After establishing the stability of SVPs and describing the conditions under which they form, we develop a semiclassical theory to describe the dynamics of the pair. Motion of the composite SVP can be driven, e.g., by externally applied spin torques caused by electric currents [19, 20] or thermally excited spin waves [21] , which act on the skyrmionic component of the SVP. We derive conditions on the strength of the external forcing which ensure that the SVP remains bound and moves as a unit. The motion can for example be detected through direct imaging via nanoscale scanning magnetometry [22, 23] .
Coupling mechanism − We expect SVPs to form in materials with strong SOC and broken spatial inversion symmetry. Here, the skyrmion-vortex interaction is primarily mediated through the superconducting magnetoelectric effect [24] [25] [26] [27] , whereby an induced spin polarization generates a supercurrent. In the case of ferromagnetsuperconductor heterostructures, in which inversion symmetry is broken by the interface, the linear coupling between the magnetic exchange field h(r) = h 0ĥ (r) and the supercurrent ∼ ∇θ s (θ s being the superconducting phase) is modeled by the Lifshitz invariant [25, 27] 
in the free energy. Here, A is the magnetic vector potential (we set e =h = c = 1). The parameter κ is proportional to the SOC andẑ is perpendicular to the interface. The skyrmion and vortex produce spatially varying exchange and phase fields, which through Eq. (1) give rise to their mutual interaction. The form of the interaction can be determined by recalling that a vortex in the superconductor induces a winding phase field: ∇θ s = q vφv /r v , where (r v , φ v ) are polar coordinates in the frame where the vortex core lies at the origin, and q v is the vorticity. The profile of a skyrmion at the origin can be written in the form h = (cos Φ(r) sin Θ(r), sin Φ(r) sin Θ(r), cos Θ(r)) , (2) with the boundary conditions Θ(0) = π, Θ(∞) = 0. The skyrmion is characterized by a topological index q s =
4π
drĥ · (∂ xĥ × ∂ yĥ ); for the profile above, q s is just the winding number of Φ(r) along a loop enclosing the skyrmion core [19] . Below we assume for simplicity Φ(r, φ) = q s φ + ϕ, where ϕ is the skyrmion helicity [19] and (r, φ) are polar coordinates in the frame where the origin lies at the skyrmion core.
We focus on the case of a thin film type-II superconductor where the penetration depth λ can greatly exceed the size of the vortex and skyrmion cores [28] . Here, the screening currents, j = −A/4πλ 2 , induced by orbital or dipolar magnetic fields may be neglected. Therefore, below we set A = 0. Substituting the above exchange and phase profiles into Eq. (1) gives
where r sv is the skyrmion-vortex separation, R s is the skyrmion core size, and the dimensionless function f (r sv ) = π Rs ∞ rsv dr sin Θ(r) depends on the precise shape of the skyrmion profile and is monotonic when sin Θ(r) is sign definite. Most essentially, f (r sv ) approaches zero rapidly once r sv > ∼ R s . The skyrmion-vortex interaction in Eq. (3) can be attractive or repulsive, with the sign of F me controlled by the vorticity q v , the skyrmion helicity ϕ, and the overall sign of the exchange field, h 0 . Skyrmion-vortex binding
Att. Rep. is expected when κq v h 0 cos ϕ < 0. For a Néel (hedgehog) skyrmion, where ϕ = 0 or π, the interaction depends on the sign of κq v h 0 , while for a Bloch (spiral) skyrmion, where the in-plane field is rotated by π/2 (ϕ = ±π/2), the interaction vanishes to linear order in Rashba SOC. Physically, Eq. (3) can be understood in terms of the mutual current-current interaction between the skyrmion and vortex. While the vortex gives rise to a circulating current pattern, the skyrmionic exchange field induces the current j me = κ (ẑ × h) = κh 0 sin Θ(cos ϕφ−sin ϕr), due to the magnetoelectric effect [26, 27] . As a result, the energy density j me · ∇θ s is lowered when the induced currents flow in opposite directions.
In the case of the Bloch skyrmion (ϕ = ±π/2) there is a residual current-current interaction proportional to the square of the SOC. This term is given by [27] :
The current produced by the skyrmion in this case, j (2) ∝ z × ∇h z = h 0 ∂ r cos Θφ, leads to an attractive interaction for q v h 0 < 0.
Throughout this work we focus on the case q s = 1, where the skyrmion profile is invariant with respect to angular rotations about the skyrmion core [19] . For q s = 1 the exchange profile has periodic angular modulations that lead to a skyrmion-vortex interaction with a sign that depends on direction from the skyrmion core (rather than just the separation r sv ). In this case, skyrmionvortex binding is not expected for a system with Rashba SOC [29] . Our predictions for skyrmion-vortex binding in this case are summarized in Table I .
We now support the predictions above with a microscopic model. We study the skyrmion-vortex interaction using the two-dimensional tight-binding Hamiltonian (see, e.g., Ref. [27] )
, where c † iσ creates an electron with spin σ at lattice site i = (x, y). The symbol ij indicates a summation over nearest-neighbor lattice sites andd ij is a unit vector that points from site j to site i. The first term in Eq. (4) describes electron hopping between neighboring lattice sites with matrix element t, µ is the chemical potential, h is the exchange field induced by the ferromagnet, σ is the vector of Pauli matrices, and α R parametrizes the Rashba SOC. The last term describes superconducting s-wave pairing, where the pair potential ∆ i is calculated self-consistently [30, 31, 47] . The skyrmion is introduced via the discretized exchange field h i = h(r i ), Eq. (2), where r i is the spatial coordinate of lattice site i and for demonstration we take cos Θ(r) = with R s = 2a (a: the lattice constant). To introduce a vortex in the superconductor, we initialize the self-consistency calculation for the pairing potential using ∆ i = |∆| exp(iq v φ v,i ) [32] .
The skyrmion-vortex interaction is revealed by the dependence of the free energy of the system on the separation r sv between the skyrmion and vortex cores. The free energy of an inhomogeneous superconductor is [33] :
where the sum is over states with positive energies n and β = 1/k B T . We focus on T = 0 [34] and calculate F numerically for a lattice of 41 × 29 sites [35] , with open boundary conditions at the edges. The ferromagnetic region covers a limited central region of 33 × 21 sites (dashed rectangle in Fig. 2b-c) . The chemical potential, exchange field, SOC and Debye frequency ω D [36] (scaled by the hopping energy t) are set to: µ/t = −4, h 0 /t = −0.2, α R /t = 0.5, and ω D /t = 2.0.
In Fig. 2a , we show the change of the free energy as a function of r sv for a Néel skyrmion with ϕ = 0. For large SVP separations, r sv > ∼ 5R s , the interaction is sufficiently weak that a small on-site pinning potential can be used to fix the location of the vortex relative to the skyrmion [37] . In this regime, we obtained an optimized vortex profile for each value of r sv (Fig. 2a, red squares) . At smaller separations the skyrmion-vortex interaction is so strong that pinning becomes ineffective, and the vortex runs away to bind to the skyrmion. Therefore, we estimate the interaction at short distances by first optimizing the vortex profile at r sv = 0, and then use this fixed profile to calculate the change of free energy at larger separations (Fig. 2a, red circles) . In their region of overlap, the data from the two methods agree reasonably well, giving confidence in the approximation procedure.
The
In Figs. 2b,c, we verify the sign of the interaction by showing the ground state order parameter configuration for the case where the interaction is attractive (ϕ = 0), and the skyrmion and vortex form a bound state (Fig. 2b) , and where it is repulsive (ϕ = π), and the vortex is pushed to the edge of the ferromagnetic region (Fig. 2c) . Note that since |∆| is diminished by the exchange field, it is favorable for the vortex to remain in the magnetic region. We have also verified that the sign of the interaction indeed changes with the sign of the α R .
For the interaction between a vortex and a Bloch skyrmion, we have verified: (i) the sign of the interaction is independent of the sign of the α R and its strength is systematically smaller than in the Néel case (both consistent with this being a second-order effect in α R ), and (ii) the interaction changes sign with q v h 0 , in agreement with Table I . We provide the numerical analysis for the Bloch skyrmion in the Supplemental Material [47] .
We now investigate the dynamics of the composite Néel SVP. One particularly appealing approach for controlling the motion of this composite object is to utilize spintronics techniques. Below we determine the conditions under which the binding potential is sufficiently strong for the vortex to follow the skyrmion when it is driven by an external torque. We identify a critical drift velocity above which the SVP dissociates.
We describe the motion of the composite SVP via semiclassical equations of motion for the skyrmion and vortex centers of mass. An effective action capturing the motion of the skyrmion can be derived from the path integral formulation of the spin system [38] ; as is common practice we model the vortex dynamics using the conventional action of a massive particle subject to the Magnus force [18] . We are mainly interested in propagation for separations r sv < ∼ R s , and therefore model the skyrmionvortex interaction by a harmonic potential U int = 
In Eqs. (6-7) we assumed r sv ≡ |R s − R v | < R s , where R s (R v ) is the center of mass position of the skyrmion (vortex) and m s (m v ) its mass. The prefactors are G s = 4πSq sẑ and G v = 2πn s q vẑ , where S and n s are the spin density and the superfluid density, respectively. U pin represents a vortex pinning potential, while the vector v arises from adiabatic torques due to electric currents or thermal gradients. The dissipative processes are parametrized by the Gilbert damping parameter α G and the friction constant α v of the vortex, whereas β determines the non-adiabatic torque. The dynamics of Eqs. (6-7) can be readily characterized when the vortex motion is overdamped, and the SVP rapidly enters a steady state regime, driven by the external torque v. SettingR s =R v = 0 andṘ s =Ṙ v =Ṙ in Eqs. (6-7), we find (setting U pin = 0 for now)
The angle γ between the SVP velocity and the external torque,Ṙ · v ∝ cos γ, may be expressed as
We generally find γ = 0 due to the effective Lorentz and Magnus forces induced on the skyrmion and vortex. Due to the softening of the binding potential at large distances r sv > ∼ R s , see Fig. 2a , the SVP dynamically unbinds when the steady-state separationr sv exceeds R s . This condition yields a critical value for |v|
where the SVP dissociates. The presence of a vortex pinning potential, characterized by a finite spring constant k pin within the pinning radius l pin , may also trap the bound state if the applied torque is too weak, |v| < v − . The depinning torque v 
Thus, we find that within a characteristic window of applied torque, v − < |v| < v + , the SVP is depinned and propagates as a bound pair described by Eqs. (8) (9) . This window closes when the pinning force exceeds the characteristic value k *
, in which case the vortex remains pinned for any applied torque.
Discussion − We expect SVPs to form in heterostructures based on materials with strong SOC. For example, transition metal dichalcogenides (TMDs) provide an interesting starting point for building such heterostructures due to their stackable layered structures, strong intrinsic SOC, and recently observed superconductivity (T c ∼ 3 K) even down to the atomically-thin limit [39] . Importantly, the vortex phase of these systems can coexist with the skyrmion phase of ultrathin magnetic films in a compatible range of temperatures and magnetic field strengths. The TMDs are type-II superconductors, in which the formation of vortices is observed for applied magnetic fields 0.1 T < B < 0.75 T, and are expected to exist up to 4.0 T [40, 41] . As a promising exemplary candidate for the magnetic layer, a recent experiment on PdFe bilayers on Ir(111) showed that single Néel skyrmions can been written and deleted using spin-polarized currents, in an external magnetic field of B = 1.8 T [42] . The skyrmions exist at temperatures from 0 K [43] to above T c [42] and have a size of R s ∼ 7 nm. Thus, a heterostructure consisting of TMD and PdFe/Ir layers presents a promising platform studying the formation of SVPs. In the Supplemental Material, we provide an analytic estimate of the SVP binding energy in such a system and find that exchange fields as small as h 0 ∼ 2.3 meV give a binding energy between ∼ 0.3 − 3 K, depending on the value of the Rashba SOC. The collective motion of the SVPs can for example be detected via imaging using high-resolution nanomagnetometry [22, 23] .
In cases where the superconductor is in a topologically non-trivial phase, the SVP may bind a Majorana zero mode (cf. [44] [45] [46] ). In this case, spintronic techniques for manipulating the motion of skyrmions may be used to move the Majorana-carrying SVPs in a controlled way. Identifying specific materials and high-precision control techniques for realizing and manipulating SVPs present interesting directions for future work.
SUPPLEMENTAL MATERIAL Equations of motion for coupled skyrmion-vortex dynamics
The total action of the coupled skyrmion-vortex system can be written as
where S s and S v denote the action of the isolated skyrmion and vortex, respectively, whereas S I describes the coupling. An effective action for the center of mass position R s = (r s x , r s y ) of the skyrmion can be derived by substituting a skyrmion ansatz into the path integral formulation of the spin system and integrating out fluctuations and the spatial coordinate [38] :
Here, m s is the skyrmion mass, A s (R s ) the Berry-phase gauge potential, which satisfies ∇ Rs × A s = 4πSq sẑ ≡ G s , with S the spin density of the ferromagnet in the two-dimensional xy-plane, and v arises from the induced torque. In metallic systems, v is proportional to the applied current density [48] . For ferromagnetic insulators, in which skyrmions are driven by spin waves and thermally-induced torques [49] , there are two torque contributions: one term where v is proportional to the magnon current density (j m ), i.e., v ∝ j m , and a second term (due to Brownian motion of the skyrmion) that is proportional to the temperature gradient, i.e., v ∝ ∇T [21, 50] . The action of an isolated vortex is [18, 51] 
where (14) disregarded the elastic energy associated with deformations of the straight vortex line, which is small for a thin film.
For small separations of the skyrmion and vortex, the coupling term can be written as
The dissipation of the skyrmion dynamics is found by substituting a skyrmion ansatz into the dissipation functional of the magnetic system [52] , followed by a spatial integration:
Here, α G is the Gilbert damping parameter and β is the non-adiabatic torque parameter. As mentioned above, there are two torque contributions when the skyrmion is driven by thermal torques, i.e., two different β-terms. A standard Rayleigh dissipation function captures the friction processes of the vortex dynamics
where α v is the friction parameter. The total dissipation function is Γ = Γ s + Γ v . The equations of motion for the vortex and the skyrmion are found from the variational equations δS/δR i = δΓ/δṘ i (i ∈ {s, v}):
Eqs. (18)- (19) yield an effective description of the coupled skyrmion-vortex dynamics.
Interaction between a Bloch skyrmion and a vortex Fig. 3 shows the change of the free energy for different separations between a vortex and a Bloch skyrmion (cf. main text for the case of a Néel skyrmion). Note that the values based on a fixed vortex profile largely overestimate the change of the free energy compared to the values calculated at large distances where the vortex is pinned and its profile solved for self-consistently. As we explain below, this is due to a strong dependency of the vortex profile on the separation between the Bloch skyrmion and the vortex. For a Bloch skyrmion, the in-plane component of the magnetization is perpendicular to the radial direction, i.e., h x (r, φ) ∼ − sin(φ) and h y (r, φ) ∼ cos(φ), which for an unmodified vortex phase profile gives rise to an anomalous supercurrent density j me ∼ κ (ẑ × h) in the radial direction. Consequently, in order to produce a total supercurrent density with no divergence (as required by the continuity equation), the vortex pair potential must develop a radial phase dependence. For a vortex that is pinned far away from the Bloch skyrmion, the phase around the vortex attains a conventional form with only small variations along the radial direction (Fig. 4b ). These results demonstrate that self-consistent solution of the pairing potential is essential for capturing the physics of Bloch skyrmion-vortex binding.
In contrast to the case above, Néel skyrmions readily produce a divergenceless anomalous supercurrent around the vortex-skyrmion bound state and no modulations of the phase along the radial direction appear (Fig. 4c) . The vortex will therefore maintain a fixed profile for different separations r sv (Fig. 4c-d) , and an approximate solution considering a fixed phase profile for varying r sv may yield reasonable results (as seen in the main text).
Transient dynamics of a Skyrmion-Vortex bound pair
In Fig. 5 we plot a typical skyrmion-vortex pair trajectory, obtained by solving the coupled equations of motion, Eqs. (6-7) of the main text. The individual velocities (positions) of the skyrmion and the vortex are shown in the main panel (inset). After a short transient time, the bound pair reaches a steady state with a velocity given by Eqs. (8) (9) in the main text (indicated by the dashed vector in Fig. 5 ). The inset of Fig. 5 shows the time-evolved skyrmion and vortex positions. The two circles indicate the skyrmion and vortex positions at a given time, with a separation magnitude r sv = 0.21R s that is close to the steady state value for the parameter set used (see Fig. 5 caption) . The 
